SMOOTHING EFFECTS FOR NAVIER-STOKES EQUATIONS 
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Abstract. We prove some smoothing effects for the 3-D Navier-Stokes equations for 
initial data belonging to the critical Sobolev space _H" 1 ' 2 (R 3 ). Asymptotic behavior of 
the global solution when the time goes to infinity is studied. We also obtain a new energy 
estimate. Other results in this direction and with different methods can be found in [5]. 



1. Introduction 

The purpose of this text is to establish some regularity results for the 3-D incompressible 
Navier-Stokes equations on the whole space R 3 . Throughout this paper we consider the 
three-dimensional incompressible Navier-Stokes equations 



(NS V 



dtu — uAu + (u.V)u = — Vp, on 
div (u) = onI + x R 3 , 



«|t=0 = u° on 



where v > is the viscosity of the fluid, and u = u(t,x) = (iti, 112,1x3) and p = p(t,x) 
denote respectively the unknown velocity and the unknown pressure of the fluid at the 
point (t,x) G R+ x R 3 . While u° = (v%(x) , v%(x) , v%(x)) is a given initial velocity. If vP is 
quite regular, the divergence free condition determine the pressure p. Moreover, p can be 
expressed as follows 

p = -A -1 ^ djdk(ujU k ). 
j,k 

The above problem has been studied by many authors like [3], [TD],[TB]... Using com- 
pactness methods, Leray proved In 1934 (|16j) for u° £ L 2 (1R 3 ) an existence result in 
L oc (R + ,L 2 (R 3 ))nL 2 (R + ,H 1 (R 3 )) for the problem {NS V ). Also, in two dimension space, 
Leray proved the existence and uniqueness in Cj>(IR + , L 2 (1R 2 )) n L 2 (R + , i7 1 (IR 2 )) for the 
same problem. In [10] Fujita-Kato proved that for u° G i? 1//2 (IR 3 ) there exist T* £ (0, +00] 
and at least one solution 

ueC{[0,T*),H 1 / 2 (R 3 )) and t 1/4 Vn e C([0, T*), L 2 (M 3 )). 

Moreover, if \\u \\ til/ 2 iR3) < cv we have u G C b (R + , H 1 / 2 ) n L 2 (R + , H 3 / 2 ). 
In what follows, we summarize some classical and useful results. 

Theorem 1.1. [10J Let u° G ii' 1 / 2 (1R 3 ) be a divergence- free vectors field. There exists 
T > and a unique solution u G C([0,T],1T 1 / 2 (R 3 )) n L 2 ([0, T], H 3 / 2 (R 3 )). Moreover, if 
||n ||^ 1/2(R3) <cv we haveu£C b {R + ,H 1 / 2 )r)L 2 (R+,H 3 / 2 ). 
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Theorem 1.2. [TT] Ifu° G H S (R 3 ), with s > 5/2, a divergence- free vectors field, then there 
exists a time T > and a strong solution u of (NS V ) in C([0,T]; H s ) n C 1 ([0, T]; H s ~ 2 ). 

With similar hypothesis, we have the blow-up result for the maximal solutions. 

Theorem 1.3. PQP3] Let s > 5/2 and u G C([0, T*); H s ) a solution of (NS U ) with 
u(£C([0,T*];H s ). Then 

\\u(t)\\L°°dt = +oo, 





where u> = curlu ~ ^(Vu — * Vu). 

In this work, we investigate some effects of the elliptic operator — uA on the solution, 
we prove that if vP G H 1 / 2 , then u G C((0, T], H s ), for all s G K, and we present some 
asymptotic behavior near and +oo for the global solutions. The first result in this 
direction is due to J.- Y. Chemin in [9]. Precisely 

Theorem 1.4. [9] Let u° G -ff 1/,2 (IR 3 ) be a divergence-free vector field. There exist a time 
T > and a unique solution u to (NS U ) satisfying 

VO < t < T, £j \C\ 2 e^ 1/2 ^\u(r,0\ 2 drd^ < 4|| Ve^f ||| 2([0) , ]xR3) . 

Moreover, a constant c exist such that, if u° satisfy ||«°||^-i/a < cv, then 

|e| 2 e^ 1/2 l ? l|n(U)| 2 ^<-||n°||i 2(M3) . 

■xl 3 v y i 

Our main results are the following 

Theorem 1.5. (Small initial data) Let u° G H 1 / 2 ^ 3 ) a divergence- free vector field, such 
that \\u°\\^ 1/2 < cv, then there exists a unique u v G C b (R + , iJ 1 / 2 ^ 3 )) n L 2 (M+, H 3 / 2 (R 3 )). 
Moreover, for all T > 0, there exists e = e(T, v, u ) > 0, such that 



V0<t<T, / \t\e 2 ^\u(t,t)\ 2 dt + v f f \i\ 3 e 2 ^\\u{r,i)\ 2 drdi<2\\u% 1/2 . 
Jrz Jo Jw :i 

Ln addition, we have 

(ai)VsGR, u u eC(R + *,H s ), 

(a 2 )Va>l/2, t s - l 2\\ Uu (t)\\ H s <C S , t -» 0+, 
(a 3 ) VO < q < 1/8, \\u u (t)\\„ 1/2 < C q t~o, t -» +oo, 

(a 4 ) Vs > 1/2, \\u u (t)\\ 6s < Cst-^l 2 , t -> +oo. 

Remark 1.1. The property (ai) imply that Mt > 0, ^(t, .) G C°°(M 3 ). 

Theorem 1.6. (Large initial data) For all vector field u° G H 1 / 2 ^ 3 ) divergence-free, 
there exists T > and a unique u v G C([0, T], i7 1 / 2 (IR 3 )) n L 2 ([0, T], ij 3 / 2 (M 3 )). Moreover, 
i/iere exists s = e(T, u, u°) > 0, such that 



VO < f < T, 



\Z\e 2 ^\u(t,0\ 2 dZ + v f f We 2 ^u{r,i)\ 2 drdi<2\\u% 1/2 . 
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In addition, we have 

(/3 x )VsGR, u u eC((0,T},H s ), 

(/3 2 )Vs>l/2, K(t)||jr. < -A- , t^O- 1 

t 2 

(AO VO < t < T, u u {t, .) G C c 



The rest of this paper is organized as follows. Section 2 contains some notations and 
definitions. In Section 3, we prove Theorem ll.5l The proof is based on Friedrich methods, 
classical product law in the homogeneous Sobolev spaces, classical compactness methods 
and elementary technical results. Section 4 is devoted to prove Theorem 11.61 The proof is 
inspired from the previews section. In last Section we derive some general proprieties of 
strong solutions of Navier-Stokes equations (NS U ). 

2. Notations 

In this short section we collect some notations and definitions that will be used later on. 

• The Fourier transformation is normalized as 

Hf)(0 =f (0 = / exp(-ix.0f(x)dx, £ = (6, 6, 6) G R 3 - 

• The inverse Fourier formula is 

F~\g)(x) = (2tt)- 3 [ exp(i£.a:)/(0de, x = (x 1 ,x 2 ,x 3 ) G M 3 . 



• For s G R, H s (R d ) denotes the usual non homogeneous Sobolev space on R d and 
< ., . >H a (R 3 ) denotes the usual scalar product on H s 



• For s G R, fP(R ) denotes the usual homogeneous Sobolev space on R d and < ., . 
denotes the usual scalar product on H ! 



The convolution product of a suitable pair of functions / and g on R 3 is given by 

(f*g)(x):= f(y)g(x-y)dy. 



• For any Banach space (B, ||.||), any real number 1 < p < oo and any time T > 0, we will 
denote by Lj,(B) the space of all measurable functions 

t G [0, T] — > f(t) G B 

such that 

(t^\\f(t)\\)eL?([0,T}). 

• If / = (ft, f 2 , /3) and g = (51,52,53) are two vector fields, we set 

f<S>g:= (gif, g 2 f, 53/), 

and 

div(f®g) := (div(gif),div(g 2 f),div(g 3 f)). 



• For any subset X of a set E, the symbol lx denote the characteristic function of X 
defined by 

1x0*0 = 1 if x £ X, 1x0*0 = elsewhere. 
3. Proof of Theorem 11.51 

We begin by recalling a fundamental lemma concerning some product laws in Sobolev 
spaces. 

Lemma 3.1. (see [6]J Let s,s' tow reals numbers such that 

s < 3/2 and s + s' > 0. 
There exists a positive constant C := C(s, s'), such that for all f,g€ £P(M 3 ) n H s 

||/5ll^ a + a '-3 (R3) < C(ll/|lH S (R3)||5||ifa'( R 3) + l|/l|jjs'(R3)|Mlij- S ( R 3)J- 

If s,s' < 3/2 and s + s' > 0, there exist a constant c = c(s, s'), 

\\fg\\^w-h wi , < 4f\\Hs m3) \\g\\Hs 



For a strictly positive integer n, the Friedrich's operator J n is defined by 

Jn{f) ■= ( !{|^|<n} 

Consider the following approximate Navier-Stokes system (NS nt „) on R + x R 3 , 
dfU — vAJnU + J n div(J n u £g> J n u) = VA _1 J n div( J n u (g) J n u), 

Then by the ordinary differential equations theory the system (NS n ^ u ) has a unique max- 
imal solution u njU in the space C 1 ([0, T*), L 2 (M 3 )). Using the uniqueness and the fact 
Jn = Jn we obtain 

JnUn,u — Un,v 

div(u n>u (t)) = o, vt g [o,r*), 

hence u njJ , satisfies 

^ti n ,^ - ^Au n:V + J n div(un >v <g> u n) „) = VA -1 J n dro (u n<u tg> u), 

Taking the scalar product in L 2 (M. 3 ), we obtain, for t 6 [0, T*), 
then it follows for all t £ [0,T*), 



^Hun,!/!!^ + 2^||Vn njiy || 2 2 < 0, 



||«n,^(t)|lia < \\u°f L 2, 
which implies T* = +oo, and the following estimate holds for all t > 

(3-1) IK^*)!!^ + 2l/ l|V«n,i/|lia (za) < ||n°||| 2 . 



Let T > a fixed time, and let 

(Ci) e := min (-,ci/, (c^) 2 , CT" 1 / 2 , CT -1 / 3 
with C depending only of u, u°. 

Using Fourier transformation we obtain from the above system 



where u n)1/)E := .T 7 ^e 6 "*^ u n)I/ J. Take E\. v n> „ j£ +E 1 .v n ^ £ , we obtain 

dt\ v n ^e ? +2i/|e|(|C| -e)| I 2 = -2Ke( e ^^l^(j„K ii ,.Vn n ,,))v I/ , e ). 

Using the following elementary inequality 

e »lCI < e a|e-'7l e »H ) Va£R + , V£,??e]R 3 , 

we obtain 

^)| Vn,v,£ I — 2| fn,f,E | * | ^n,u,£ \-\ ^ v n,u,e |- 

To make good estimates, we decompose f n v e as v n ^ v ^ £ — X nv £ + Y nu£ , with 



Estimate of ||X n)l/)£ ||^ 1/2 : Multiply (£2) by |£| and integrate over {|£| > 2e}, we obtain 

3 

9t\\X n ^ y£ + zy ll^^n,i',e|| 2 ^i/2 — IIIC| 1//2 | v n,v,e I * I v n,u,e \ \\l 2 

||VX n 



where 



h = |||e| 1/2 | In,i/,£ I * I X n ,u,e I ||l 2 \\^^n,u,e ||jjl/2, 
Xn,u,e I * I l^rc^e I ||l 2 ||VX nil/)e ||jji/ 2 j 
Yn,u,e I * I Yn,u,e \ \\ L 2 II V-X~ n)l , jS || 1/2 . 



Using now Lemma l3.lt we get 

|2 



A < C||-^n,v,e||fl-i/2 || VX„ |V)E • 



Once again, Lemma combined together with the energy estimate (|3.1|) . give 
h < C\\X n 

< Ce 3 / 2 \\Y niU}E \\ L 2 \\X n) „ je \\fti/ a \\VX njl/jS \\^i/ 2 + Ce 1 / 2 \ \ Y n ^ )£ \\ L 2 [|VJ¥n )I/je ||^. 1/a 

< Ce 3 \\uY L2 \\X n ,,,e\\ 2 til/2 + + CeV 2 \\u°\\ L 2)\\VX n , v 4l 1/2 

— II ^-n,V,E || jjl/2 + Jq IIVX^i/^H^/2- 

Similary, we obtain 

h < Ce 2 \\Y n 
< Ce 2 ||tt°||^2 1| 



< C e 4 || u ||i 2 + -||VX ni! ,, £ ||^ 1/2 

12 

- Tot h 7^ll v ^-^lliji/2' 



|7/ II 2 



10T 10' 
which leads to 

3t||^n,i/,e[|^l/ a + u \\^ X n,u,e\\\i/2 - ^ll^n,i/,e||#i/2 || VX nj ^ £ ||£ 1/2 



and hence 



^||^n,i/,£ 11^-1/2+ 2 II V-^n,f,e 11^-1/2 < C||-^n,f,e ||jji/2 || VI n ,i/,£ 1 1 ^-1/2 +C*2^ 3 ^ 1 ||-Xra,i/,e ||^-i/2+C2£ 2 - 

Let a time T nj!/]£ define by 

:= sup{t > 0, || X n>U)£ 11^00(^1/2-) < 2cz/}. 
For < t < min(T, T nil£ ), we have 



ll^, £ (t)||| 1/2 + 7 /V^elllx/2 < WX^MWlm+Ceh + Ce^- 1 I \\X n , 
4 Jo Jo 



2 



and by Gronwall's lemma we get 



11^11^^/2) < (\W% 1/2 + Ce 2 T)e c ^- lT 

< \\\A\\„2 < {1CV)\ 



that is T n , )U)£ > T, and for all < t < T, 

(3-2) ||-X"n,i>,e ll_Loo(jjl/2) + T || VXji^e || ^2^1/2) — Hi/ 1 / 2 ' 

Estimate of ||y n) ^ e ||^. 1/2 : To estimate Howell ^-1/2 we integrate (E2) over {|£| < 2e} to 
obtain 

dt\\Y n ,vA 2 Hl,2 + "l|Vy w ||^ 1/a < m\ 1/2 \ I * I | \\v*(B(0,2e)) -1^1^11^1/2 

/ /" \l/2 A A 

y |||L°°-||Vy n> y|| i ji/2, 

K JB(0,2e) ' 



and by Young inequality it follows 

d t \\Y n>u ^ 1/2 + 2v\\VY n!V)£ \\ 2 Al/2 < Ce 2 \\ 

V"n,u 11^2 

< C\\u \\ 2 L2 e 2 \\VY n ^ £ \\ til/2 

< Cv-^u ^ + u\\VY n ^ e \\\ 1/2 . 

An easy computation shows that for all t E [0, T] 

|2 , ..IIV7V 112 ^ iiv /nMl2 , nAi 



WwMYfri* +i/||VF n>! , )e ||^ ( ^ 1/2) < ||>W(0)|^ 1/2 



+ CeH 



(3-3) < 7l|«o||ia 



< e\\u \\i 2 +Ce*T 
1 



Thanks to equations (|3.2p - (|3.3p we obtain for all t G [0, T], 

IK^WI^i/a +^ / HVu^HL/a < 2||u°||^ 1/2 . 
Jo 

Finally a standard compactness argument gives the global existence result, precisely : 
There exists u v e C b (R + , H^ 2 (R 3 )) D L 2 (M+, H 3 / 2 (R 3 )) of such that for all T > 0, 

and e = e T := min(l/2, czv, (cz^) 2 , CT' 1 / 2 , CT~ 1 / 3 ) we have 
(3.4) 

Vt E [0,T], jf e^KM (t,0l 2 de + v \l\f SVT 'Vl ^ (^OI'^t < 2||n°||^ 1/2 . 
The equation ()3.ip yields 

(3.5) Vt>0, |Mt)|| 2 2 +2^/ ||V^|| 2 2 < ||n°|| 2 2 , 

JO 

which implies (ai) — (02). 



Proof of (03). For a > we have 



\u v (T)\\ Al/3 < ( / |(|| (T,0| 2 ) 1/2 + ( / M u v (T,0\ 



1/2 



< ^\\u u (t)\\ L .+e-^Ta>( f W e T uT\e\^\2\ l/2 

< ^||n || L2 +e- £ T^ 2 V3|| u 0||^ 1/2 . 

For large naught time T, we have e T = CT^ 1 ! 2 and choosing a = T~ r with < r < j, it 
follows 

II,, (T\\\ J 

jv/2 

as desired. 



The case of (04), follows as well by choosing a := tM^. The proof of theorem 11.51 is 
completed. ■ 

4. Proof of theorem 11.61 

We apply the Friedrich's method's, we obtain the existence and uniqueness of solution 
u n ,v £ C 1 (R + ,L 2 (R 3 )) of the following system 

dtu — uAu + J n div(u ® u) = VA~ 1 J n div(u <g) u), 

k U\ t =0 = JnUO- 

And we have 

(4.6) Vt > H^CtJIlia + 2u\\Vu niU \\ 2 L 2 {L2) < \\u°\\ 2 L 2. 

For simplification we don't well noting the index n. 

Let N G N, such that 

ll- ;r_1 ( 1 {|C|<2-JV}u{|C|>2^}^ : '(^ ))llHi/2 < min(ci/,c^ 3/2 ). 
And define T, n^-, vn,l, wn,v, by 

(C 2 ) T = T(u,u°) := -iz-^-^log (l -min(l/2,i/||u ||T4 /2m i n ( cl y,( cl/ ) 2 /3)^ > 

7/ • 



T 1 (l{ 2 -JV<| 5 |<2iv } J C '(u )) 



WN,u ■ = Un,u ~ VN,L- 

We have 

We introduce the real number e defined by 

(C 3 ) £ := min (lOCT)" 1 / 3 , (min(ci/, ( C ^) 3 / 2 )) 1 / 4 (10CT)^ 1 / 4 ) > 0, 



and 



V N , L 






= e^t\D\ Uv 


w N , u 


= e £Ut \ D \w N)V 




= 1{\D\>2e}Wn,v 




= 1 {\D\<2e} W N,v 



Arguing as in the last section, we obtain 

3 

dt\\aN,u,e\\ 2 Hi/2 +* / ||Va/v, £ |l!-i/2 <^Kj, 

with 

K i = J l£ll Wn,u I * | Wn,v l-l Va n>1/)E |, 

K 2 = |er 1/2 (| Fjv.z I * I Wat,,, I + | VV N>L \ * \ Wn,u |) .|£| 3/2 | a„, 

^3 = J ier 1/2 -i fjv,l i * i vv n ,l m 3/2 \ «„,^ i. 

Using the Lemma |3.1| we obtain 

Kx < C\\W Nj 4 Al/2 \\VW N>v \\Hy4^ a n^e\\Hi/2, 

K 2 < C\\VV N:L \\ L 2\\VW N:l/ \\ L 2\\Va n ^ £ \\^/^ 

K 3 < CUV^Lll^llVa^H^. 
Estimate of K\\ We have 

||Wjv,i/||jl/2 < \\a N ,u II HX/2 + \\Pn,v\\hi/2 < \\a N ,u II + Ce 1/2 

||VWiv, v ||_ffi/2 < HVajv^Hji/a + ||V^||^i/a < HVa^ll^i/2 + Ce 3/2 

then 

(4.7) K\ < Ce 4 + C e 3 \\a N ,„\\% 1/2 + (c e 1/2 + ^- + C\\a N , v \\ tiV2 ) \\Va N , 



2 

tfl/2- 



10 

Estimate of 1^: Similary, we obtain 
(4.8) 

K 2 < ||W^||4 1/a + Ce 4 + Ce 3 \\a N ,„ + (Ce 1 ' 3 + ^ + C\\a N , v \\ 2 ^ \\Va N , u \\ 2 Hl/2 
Estimate of K 3 : We have 

(4-9) K 3 < C\\VV N , L \\ 4 L2 + ^\\Va N , v \\\ 1/2 . 

Let 

T* = sup{t > 0, ||a;jv,i/[|x,oo(fla/2) < 2 mm(cv, cv 3 / 2 )}. 



For < t < min(r, T*), we have 

\\<XN,»Al n Hi/») + 111^^11^^1/2) < ll«^(o)ll^i/2 + Cs 4 t + c\\vv n , l \\ 4 lU 

+ CE 3 T\\a N>VtE \\ 2 Lr{Al/2y 

By inequalities (pLTj) . (pTSj) . (pOj) and the choices (C 2 ), (C 3 ), we obtain 

Vt G (0, min(T,T*)), Hajv.i/.ell^oo^va) + u \\^ a N, v> e\\ 2 L 2 0i/2^ < 2m.m(cv,cv 3/2 ) 2 . 
Then T* > T, in particular 

H«iV,i/,e|lioo (J ji/2) + v \\V a N,vA? L * (hV>) ~ 2min ( cz/ > c ^ 3/2 ) 2 > 
11^,^11^(^1/2) + v\\VW Ntl/ \\ 2 L 2 {Al/2) < 3min(czv,ci/ 3/2 ) 2 , 



and we can deduce 



177 II 2 4- u\\\7TT II 2 < 9lli;°ll 2 



Finally, a standard compactness argument gives the local existence result. Moreover the 
solution satisfies {j3\) — (fa)- This achieved the proof of Theorem 11,61 ■ 



5. General Proprieties Of Strong Solutions 

This section combines the previous results and Theorems 11.21 11.31 to derive some propri- 
eties of any strong solutions of Navier-Stokes equations. The precise statements are the 
following. 

Theorem 5.1. If u € C([0, T ], H 1 ' 2 ) n L 2 ([0, T ], H 3 ' 2 ) is a solution of(NS u ), then 

(#)V«€R, ueC(]0,T o ],H s ), 

(#)V«>l/2, t s -^||n(t)||^ <C S , t^0+, 
(^)Vte]0,T o ], GC°°(IR 3 ). 

Theorem 5.2. If u £ C{R + ,H 1 / 2 ) n L 2 (M+,# 3 / 2 ) is a solution of (NS U ), then u 6 
L°°(IR + , i/ 1 / 2 ), and 

(ai)VsGM, u G C(M*+,iP), 
(a' 2 )Vs> 1/2, t s -^||n(t)||^ < C s , t -> 0+, 
(a' 3 ) V0 < q < 1/8, ||u(t)||^ 1/2 < CqT*, t -» +oo, 
K) Vs > 1/2, ||«(t)||^ s < C s t~ (s ^ )/2 , i -» +oo. 



Remark 5.1. ((3' 3 ) is an easy consequence of (P[). 



5.1. Proof Of Theorem 15.11 Using Theorem 11.51 there exists T > (suppose that 
T < T ), and v x £ C([0, T],H 1 / 2 ) n L^(H 3 ^ 2 ), satisfying (/3i). By the uniqueness, we have 
vi = u on [0, T\. Let s > 5/2, and we consider the following system 



(NS V > 



dtv — vAv + v.Vv = — Vp, on 
div (v) =0 onR+x M 3 , 



k «|t=o = u(T/2) on M 3 . 
By Theorem 11.31 there exists a unique u G C([0, T*), /P) solution of (NS u> t), satisfying 



T* < oo 



+oo. 



Suppose that T* < T - By uniqueness we have 



Vie [T/2, T*), u(t) = w(t - -). 
Taking the scalar product in H s , and using lemma f3TTl we obtain Mt £ [0, T* 



dt\\v(t)\\ 2 T - T +2v\\Vv 



H 



By Gronwall's lemma 



< C\\Vv{t)\\ L A\v{t)\\fAVv{t)\\f s 



L-'l 



\.+v\\Vv 



^ s exp (C j\\Vv(t)\\\ 2 



< 



|n(T/2)||^exp C 



*+4 



T/2 



|V«||| 2 



< 



|<T/2)||^exp C||u 



Then T* > Tq — ^, we obtain consequently (/J^). 

Combines the first step and Theorems 1 1 . 5 1 we obtain (f3 2 )- This completes the proof. ■ 



5.2. Proof Of Theorem 15.21 The proprieties (o^) and (a' 2 ) are an easy consequences of 
Theorem 15.11 

Proof of (a' 3 ) — (a' 4 ) : If we prove the existence of a time T > such that ||it(T)|| ai/ 2 < cu, 
we can apply Theorem 11.51 on [T, +oo), by the uniqueness we obtain the desired results. 
Then, for simplification, we begin by proving the following assertion. 

(5.10) Vi>0, \\u\\ LriL2) < \\u°\\ L 2. 

Let t* := sup{i > 0, |MU°°(L2) < ||ti°||^2} G [0,+oo]. Suppose that t* < oo, by 
continuity of u show that [|u(t*)||^2 = ||n°||^2. Applying Theorem 11.51 to the following 



system 



d t v - uAv + v.Vv = -Vp, on R + xM 3 , 
(iVSf) < div (v) = on R + x R 3 , 

v\t=o = u(t*) on R 3 . 

we obtain a time 7\ > and a unique solution v G C([0, Ti], IT 1 / 2 ) n Ly (# 3/2 ), satisfying 

Vt G [0,T X ], || W (t)||| 2 + 2 I /||Vi;||| ?(i2) < ll«(0)lli» = II^HL- 
Using the uniqueness, we obtain 

u (t) = v (t-t*), yt G [t*,t* + Ti], 

then 

IK*)!^ < ||n°|| L2 , ViG [0,t*+Ti]. 

Hence t* = +00 and the assertion (|5.10p is proved. 
Now, we have to prove 

(5.11) 

Let 



3 t > s.t. \\u(t)\\iji/2 < cv 



A:={t>0, \\u(t)\\ Al/2 >cu}. 
Using Holder inequality, we infer 

Vt > 0, (cufl A {t) < \\u(t)\\% 1/2 < \\u(t)\\i 2 \\u(t)\\l 3/2 < \\u \\i 2 \\u(t)\\l 3/2 . 
We integrate on R + , we obtain 

||u°|| 4 2 ||ii|| 2 
Ai(A) < — .f (H3/2) := t < +00, 

where Ai is the Lebesgue measure on R. 

Then, for fj, > 0, there exist G (0,£o + fj,), such that 11^(^)11^1/2 < cv. 
Now, we consider the following system 

d t v - vAv + v.Vv = -Vp, on M + x R 3 , 
{NSl 1 ) I div (v) =0 on R + x M 3 , 

v\ t =o = u(tx) on M 3 . 

By Theorem O there exists a unique u a G C fe (M+, iJ 1 / 2 )nL 2 (M+, ij 3 / 2 ), solution of (iVS* 1 ) 
satisfying (03) — (0:4). The uniqueness imply u(t) = v\(t — ti) for all f G [ii, +00). This 
completes the proof. ■ 
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